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Abstract 

We consider a model involving a 4-brane in a 6D bulk which carries sigma model fields. An 
axion field on the 4-brane cancels the pressure along one direction leading to an effective 
codimension-2 3-brane. For a range of parameters of the theory, we get a transverse 
space which is non-compact, providing a possible solution to the cosmological constant 
problem. A setup with two branes in a compact space is also treated. In this case, a 
mild fine-tuning between the radii of the two 4-branes is necessary. Finally, we explore 
the 4-brane problem in the Gauss-Codazzi formulation and we discuss general aspects of 
gravity in the presence of additional brane sources. 



1 Introduction 



The issue of the cosmological constant appears to be one of the most pressing prob- 
lems in modern theoretical physics, permeating many areas, ranging from field theory to 
cosmology. Conventional estimates of its value based on field theoretical approaches are 
in gross contradiction with observations (around 120 orders of magnitude higher than 
observed for a Planck-scale cutoff). This apparent failure has led to a variety of attempts 
to attack the problem that have yielded a number of new and exciting ideas in both 
basic theory and model building. The emergence of brane models and theories of large 
extra dimensions [1],[2],[3] in recent years has been a major driving force in gravitational 
physics and a source of rich and interesting phenomenological studies. One of the most 
interesting feature of these theories is that they provide a possible explanation for the 
smallness of the cosmological constant |1] . Similarly, the simple observation that a codi- 
mension 2 brane is always Ricci-flat, opend another possibility for the cancellation of 
the cosmological constant. As it was shown in [5], a four-dimensional brane embedded 
in a six- dimensional bulk space, where the transverse space is compactified using fluxes, 
induces a conical singularity in the bulk, deforming the space into a rugby-ball config- 
uration. In this way, the brane cosmological constant (tension) is completely offloaded 
into the bulk, where it determines the deficit angle of the induced conical singularity. Al- 
though this setup only partially solves the problem, as fine-tunings are in the end needed 
to ensure a flat brane [6], [7], [8], it nevertheless provides evidence that extra dimensions 
may play a role in resolving the cosmological constant conundrum. Extensions and al- 
ternatives were consequently investigated by several authors (see |8j-[18j and references 
therein) . 

In this paper we study a model of an effective codimension-2 3-brane embedded in a 6- 
dimensional bulk space. It is a pseudo-3-brane in the sense that although the submanifold 
within which ordinary matter and flelds are conflned has in fact 5 dimension, i.e. is a 
4-brane, the energy-momentum tensor of these flelds is selected in such a way to resemble 
the tensor structure of a 3-brane. The presence of the one additional dimension of the 
brane is in this way hidden from the exterior space and we can take advantage of the 
well known result that branes of codimension-2 only produce conical singularities in their 
bulk spaces [l9j-[23]. In order to produce the required energy momentum tensor we will 
employ the technique discussed in [21], [25]. However, we will not assume an empty bulk 
space, but one endowed with an 0(3) sigma model (see [12] , ll4j , ^28j ) , unlike the usual 
flux compactiflcation using U{1) flelds [32j,[33j. The transverse space away from the 
brane will thus be curved, but its curvature will only be due to the sigma model flelds, 
since the brane cannot contribute more than a conical singularity at its position. This is 
a setup similar to the one discussed in [T2], the main difference being the existence of a 
resolved brane, rather than a purely codimension-2 singularity. 

The purpose of such a setup is to address the cosmological constant problem. We 
will see that, by having an appropriate energy content, we can construct an effectively 
flat 4-geometry on the brane, with all curvature being pushed away into the transverse 
space. To avoid imposing unsettling flne-tunings, we will allow for a space which is non- 
compact. We thus have one dimension tangent to the 4-brane which is not compact but 
can be integrated to a flnite volume and a parallel dimension which is compactifled in the 
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spirit of Kaluza-Klein theories. As it turns out, for a range of parameters of the model, 
the 2-dimensional transverse space is normahzable and we thus expect a conventional KK 
phenomenology, with a zero mode mediating ordinary four-dimensional gravity on the 
brane and a spectrum of KK excitations as corrections. The cosmological constant of the 
3-brane can be set to zero by proper choice of parameters, which induces a corresponding 
deficit angle in the bulk. Once this choice is made, any variation in one of the model's 
parameters, e.g. the brane cosmological constant, results to a new value for the deficit 
angle, without any additional fine-tuning. In the last section of our paper, we derive 
Einstein's equations on the 4-brane by employing the Gauss-Codazzi formalism. Based 
on these equations we discuss general aspects of such models and also the effects of 
additional brane matter, which will be the source for conventional 4-D gravity once the 
KK reduction of the compact dimension is performed. 

2 General Setup 

We will start by describing the action of the setup. It includes a non-linear sigma model 
targeted on a Kahler manifold inside a six- dimensional bulk space. The bulk cosmological 
constant is assumed to be zero. A 4-brane is also included, carrying a tension o and an 
axion field S. The axion is used to counteract the brane tension along the azimuthal 
direction and to ensure that the energy-momentum tensor of the 4-brane mimics a 3- 
brane outside the resolved brane core, so that we get an effective codimension-2 brane [25]. 
The metric of the bulk space is considered to be 



in Gauss-normal coordinates. Note that only p is the direction transverse to the 4-brane, 
while V? is our compact dimension. The brane is situated at a distance po away from the 
origin of the transverse space in the radial direction. The action of the model is thus of 
the form 



Uppercase Greek indices run from to 5, while lowercase are indices on the 4-brane 
that do not include the p coordinate and a, /? are indices in the Kahler manifold. The 
first term represents the bulk contributions from the gravitational sector and the sigma 
model fields 0", while the second contains the brane contributions for the tension and 
the axion field. For the moment we assume a zero energy content from ordinary matter 
on the brane. The energy-momentum tensor of the brane can be written as 



ds\ = n^^dx^dx'' + dp^ + g^^{p)d(p'^ 



(1) 



S 




(2) 




(3) 



We also have an energy momentum tensor for the 0" fields 




(4) 
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Einstein's equations become in this case 



Rmn - -j^QMNR - -^j^ (Tmn + ^m't^) (5) 

or 

Rmn = (tmn - jy- _ 2 ^^'*'''3mn^ + {tmn - jy _ ^ ^'^^''^^mn^ , (6) 

where we denote by N the total bulk dimension and we use n for the dimensions of the 
brane (in the case we will examine, iV = 6 and n = 5). The energy- momentum tensor 
contains contributions from both the complex scalar and the brane content. The axion 
field equations are solved by 

so that E has 27rg jumps as we go around the </? direction. If in addition, the parameter 
q (the axion charge) is such that 

<f = 2(7^^^ , (7) 

the axion contribution completely eliminates any tension along the azimuthal direction 
ip. Notice that the above condition is not a fine-tuning between q and a in the usual 
sense, since the metric component carries integration factors which are not determined 
yet by other constraints. Thus, the value of q is not fixed against the brane tension. With 
this choice we get, 

and similarly for the scalar fields 



(8) 



T^^N - J^9mnT^'^ = ^Vm^V^/ . (9) 

Since wc arc using Gauss-normal coordinates, the determinants of the bulk and the 
induced metric are the same and their ratio cancels. We also have the equation of motion 
for the scalar fields, which reads 

V*^Vm0" + r^^V^/Vr0^ = . (10) 



3 Single and Double Brane Solution 

In order to proceed in solving the equations in the bulk, we must choose an ansatz for 
the bulk fields and the transverse metric. We will assume an 0(3) sigma model and a 
metric for the Kahler manifold, which is now an 5*^ sphere, of the form 

4 

(1 + 0^) 
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R^n = TTTTTT^— ;T2'^"/3V„^rV„0^ + t7I^= ^ " ^o) , (14) 



where cjP' = (0^)^ + (0^)^- This particular choice of the sigma model is entirely it ad hoc 
and has been taken as a simple example. Another choice of the sigma model target space 
of the form appearing in supergravity like SL{2)/U{1) would be equally good. In order 
to investigate the resulting geometry of the transverse 2-D space, we will reparametrize 
it in a conformally flat fashion as 

dsl = dp" + g4.^d^^ = ^ (r) {dr^ + r^d^^) = ^ (r) S^ndy'^dy'' . (12) 

This change of coordinates implies that dp"^ = ip (r) dr"^, which leads to 

^ ^ (P - Po) = ^^—- 5 {r - ro) 
^Ji> (r) 

for the transformation of delta function, where ro is the position corresponding to po in 
the new conformal coordinates. We will now adopt an ansatz for the sigma model fields 
of the form 0" = y", such that 0^ = r^. This ansantz solves the equations for the scalar 
fields without any further constraints and from the expressions for the scalar energy- 
momentum tensor we see that only the T^f'' components survive. Einstein's equations 
reduce to 

i?M- = 0, (13) 

M4A2(l + r2)^"°"'"" ' ■ 

where = 0, 1, 2, 3 are coordinates on the effective 3-brane and m, n are coordinates 
of the 2-dimensional transverse space. Note again that only r is truly transverse to the 
brane. The first set of equations ensures a flat 4-dimensional space. The transverse 2- 
space will be curved. Taking the trace of the last equation yields 

^^'^ = M^\^^{r){l + r^f + M~^^/W) ^ ~ ' ^^^^ 

where i?*-^^ = — ^V^ln?/' is the Ricci scalar of the 2-D transverse space. Since the con- 
formal factor ip{r) depends only on the radial coordinate, when it multiplies the delta 
function, it becomes just a constant '^'(ro). The solution in the absence of the brane is 
known to be 

i^{r) = C2 —. (16) 

Taking into consideration the delta function term, we obtain the solution 

^ (r) = '^^'l e-^^^/^^^-°^K^) , (17) 

[I _|_ r2)ivFA^ 

which obviously reduces to the smooth case when we take the limit ro ^ 0. We note 
that the value '0(ro), which enters in the exponent is just a constant factor. This factor 
enters in ([7]) and, thus, the integration constant C2 prevents any fine-tuning. We also 
see that the transverse space retains a non-vanishing curvature inside the brane core. 
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There are also, in general, conical singularities at r = and r — »• oo. However, we can 
eliminate the singularity at the origin, by imposing that Ci = — jglp-- In this case the 
2-D metric is regular at r = and we only have a singularity at infinity, which signifies a 
non-compact geometry. We can also check the existence of a deficit angle at infinity and 
demonstrate that no singularity occurs as we cross the boundary of the resolved brane. 
To simplify our discussion, we define b = AarQM~'^ ^^/^pJrQ) and c = M~^A~^. Expanding 
the conformal factor around r = tq, we obtain 

SO that the two radial coordinates p and r are proportional near the brane and no deficit 
angle is involved. However, for r ^ oo we get 

^(r) ~r-2- (19) 

and the coordinate transformation yields a transverse space metric of the form 

dsl = dp^ + k'^p^d'/ , (20) 

where 



1-c--. (21) 



The associated deficit angle is 



5 = 27r(l - A;) = 27r ( c + - ) . (22) 



The combination c + |, which enters the expression for the deficit angle, is indeed the 
Euler number of the transverse space, as we can easily verify 



X 



VM4A2 (1 +r2)2 
1 ,2,^_ . 



M^X^ M4 2 2-K 

In order for the space to have a finite volume, we must have 



' +S^V^>1^ (24) 



which, given fl23|) . is equivalent to x > 1- The corresponding finite volume of the 2-D 
space turns out to be 



V2 = nC2 ' " r^-'^CarlJE -_, c + - - 1, 1 - c . (25) 



B is the incomplete Beta function. As a result of the positivity of parameters and the 
constraint fl2^ . the volume is real and positive. Given the finite volume of the transverse 
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space this setup will exhibit a four-dimensional gravitational behavior at low 

energies compared to the compactification scale, mediated by a graviton zero mode on 
the brane and followed by a KK tower at higher energy scales. Apparently, the space 
remains non-compact for the entire range of parameter values for which the relation 
^ + TT^V'^ (^o) < 2 is satisfied. Eventually, for appropriate values, the Euler 
number of the transverse space reaches the value x = 2 and the space compactifies into 
a sphere. 

We could also place two branes in our setup, that would ensure a compact transverse 
geometry from the beginning. To include the second brane of tension a', situated at some 
position pi > po away from the origin, we add to the action the term 

j d'xdpS (p - pi) (^a' + ^^''do.tdpt^ , (26) 

where the induced metric 7 is to be evaluated now at p = pi. With this addition, both 
branes remain flat as long as we impose the condition 

a' = ^g^'^ , (27) 

relating the brane tension a' and the charge of the axion q on the second brane. The 
metric component g'^'^ is evaluated at p = pi. Equation f|T5|) now becomes 

(2^ 4 1 4(T 1 ^ , , 4(t' 1 ^ , X / X 

and the corresponding solution for the conformal factor reads 

; / \ — 6©(r— ro) In — — 6i6(r— ri) In — /nn\ 

^ (^) = , oNC e ' °> ro > r, ^ 29) 

(1 + r^j 



where, in addition, we have defined 61 = AM~'^a'ri ^Jil) (ri). Again, the metric is regular 
at the origin if we set C\ = —2c. No deficit angle is encountered around r = or as we 
cross each of the two branes. The total deficit angle of the space is deduced by checking 
the metric at infinity, 

^ (r) ~ ry^^r^-^c-b-b, ^3q) 
from which the corresponding deficit angle 

S = 27i{l-k) = 271 (c+^^] (31) 



may immediately be obtained. To ensure that the space has the topology of a sphere, we 
must impose the condition 

, = e+^ = 2, (32) 

which relates the tensions and positions of the two branes. 

Let us take a moment here to discuss the way in which the cosmological constant 
problem is addressed in the context of our model. As we already pointed out, the effective 
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3- brane appears Ricci-flat, with its tension inducing a deficit angle in the non-compact 
transverse space. The relations connecting the various physical constants in the case of 
the single brane setup are ([7]) and (l22l) . The pitfall of unwanted fine-tunings may originate 
from these equations. To see if this is the case, we imagine a situation where a flat brane 
solution has been found for a specific brane tension a. We then change the value of the 
tension and check whether it induces a shift in the deficit angle, which is unobservable, 
while leaving other physical constants of the model unchanged. We see that such a change 
may affect through ([7j) the value of the axion field charge q. However, as we previously 
stressed, the metric component g'^'^ carries the undetermined integration constant C2, 
which in turn enters the constant ip{rQ) and consequently h. Thus, changing the brane 
tension leaves the axion charge unaltered and only affects the deficit angle through ( !22|) . 
which involves h. In this way, fine-tuning of physical constants in this setup is avoided. 
The new brane tension could also lead to an additional change in the radius of the 

4- brane. 

As it was also discussed in [12], having a non-compact transverse space is crucial. In 
the case of the resolved double brane setup, however, there is still room for a solution 
which doesn't require more than a mild fine-tuning, despite the fact that the transverse 
space has necessarily the topology of a sphere. This is due to relation ( 132|) . which fixes 
the value of the previously undetermined constant C2. Taking the ratio of ([7]) and ( 127|) . 
we see that altering the value of either a or a' will induce a change in the ratio of 
the corresponding axion fields. This can be avoided if the change in brane tension is 
compensated by a change in the ratio of the metric components g'^'^ at tq and ri. Since 
both carry the same overall constant C2, which cancels, the only way to satisfy this 
requirement is for the brane radii to shift. Thus, a fine-tuning between the two brane radii 
must be imposed to have flat branes for arbitrary varying tensions. The four-dimensional 
cosmological constant is again affecting the value of the deficit angle through fl3Tl) . 



4 Gauss-Codazzi Formulation 

An alternative way of investigating the problem explored above is by using the Gauss- 
Codazzi formalism discussed in [311. The equations on a codimension-1 brane, when the 



bulk space is n-dimensional turn out to bq^ 

+ KK^, - K;K^ - ig^, {K^ - K^^K^^) - E^, , (33) 
where E^y is the projection of the Weyl tensor of the bulk, 

E,y = '^-^C^^^n^n^qX (34) 

and Kfj^i, is the extrinsic curvature tensor of the brane. The constant is related to 
the n-dimensional Planck mass of the theory. We will assume Gauss-normal coordinates. 



"'^While this paper was in preparation, a similar treatment of the brane equations was presented in 
[35] , ahhough in a cosmological context 
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with the coordinate normal to the brane denoted by p and an energy-momentum tensor 
of the form 

T,, = -Kg^^ + Tl^) + S,J{p) , (35) 

where T^^^ is the bulk energy-momentum tensor, not including the bulk cosmological 
constant. 5'^;^ is the energy-momentum content of the brane and it is further decomposed 
in the our case according to 

Sij,u = -o-q^u + Tf,u + Tf,u ■ (36) 

The first term represents brane tension, the second is the axion energy-momentum tensor 
and the third accounts for additional matter content on the brane. This way we can also 
treat cases with an arbitrary brane content in addition to the axion field which is only 
used to eliminate the azimuthal brane pressure and is effectively hidden. We proceed by 
further assuming a Z2 symmetry in the p direction. From Israel's junction conditions, 
this constraint fixes uniquely the extrinsic curvature of the brane in terms of its matter 
content, with the resulting expression being 

Substituting this expression into (133!) and using the above mentioned energy-momentum 
tensors yields the effective Einstein equation's on the brane 

+87rG(„_i) (f^^ + f^^) + (vf^^ + 7f^^ + K^^) - E^^ . (38) 

Quantities with tilde refer to the axion field contributions, while barred quantities come 
from brane matter, the exception being the second term which comes from the bulk 
content. The definitions we use are 



111 1 

^ A ' A{n-2) ^ 8 ' 8(n-2) ' ^ ' 

-\''l''-)p + 4(^^_2) (^'^^'^ + + \r'"'r^f5q^u - J^^ZT^^^^lf^- ■ (^4) 

As a cross check of the formulas above, we note that by setting n = 5 and T^^, = f^^ = 0, 
we recover the same equation derived in Equation is supplemented by Codazzi's 
equation 

D^K; - D,K = KlT.^n^n'^q^^ . (45) 
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Using (1551) . we can investigate the evolution on the hypersurface of dimensionahty n — 1. 
Using fl551) . we can investigate the evolution an [n — l)-dimsensional hypersurface by 
applying the formalism described above. We first consider the model presented in [24j . 
where we have an effectively codimension-2 brane situated in a 6D bulk space. There is a 
4-brane and the axion field, without any additional matter in the bulk or the 4-brane and 
we also assume a Z2 symmetry. The resulting space is flat everywhere, except from the 
position of the brane, where the tension induces a deficit angle in the bulk. Interestingly, 
it turns out that the imposed condition ([7]), relating the axion charge and the brane 
tension forces all terms to be quadratic in a, so that the cosmological constant and f^^, 
terms cancel against the 7?^,^ term. The equation of motion fl38|) reduces in this case to 
Einstein's equations in five dimensions, without any matter content, 

('^G^. = 0. (46) 

We must stress here that Efj_u is evaluated near the brane and not on it, so in the above 
mentioned space, which is fiat outside the brane we get E^i, = 0. By looking at this 
equation and taking into consideration the fact that the angular coordinate is compact, 
one is prematurely lead to think of this model as a regular Kaluza-Klein theory, with 
a zero mode graviton and a tower of massive modes. This is however misleading, since 
(1461) carries no information of the fact that a dimensional reduction has already been 
performed on a non-compact dimension. In the presence of matter the resulting equation 
is 

''^'^G^^ = STrGsf^i, + K^n^i, + KgK^j, - E^j, . (47) 

Notice that in this case the empty space solution no longer holds, so the bulk space will 
be curved in general and we can no longer neglect the Efj_u term, which depends on the 
bulk curvature. 

We now turn to the model we considered earlier, with the sigma model fields in the 
bulk. By inspecting the energy-momentum tensor for these fields, we see that the Tmn 
components are zero in the coordinate system f[T^ . Notice that these coordinates are not 
Gauss-normal, but are related to them through a conformal transformation. Since this 
transformation doesn't mix T-j^m and T^f'', the former will also be zero when we turn 
back to the Gauss- normal coordinates used to derive equation (!38|) . On the other hand, 
this transformation will not affect the later components, which will be the same in both 
cases. Assuming no additional bulk or brane matter besides the axion and the 0°, the 
equations on the brane yield 

Here, denote coordinates on the 4-brane, while /i, v are coordinates on the 3-brane. 
The components of the bulk energy-momentum tensor are taken as the limiting values 
near the brane position. From this expression we immediately deduce that '^^^R = 0, 
which means that the 4-brane appears Ricci-scalar-fiat, but not Ricci-fiat. In fact, the 
fields 0" act on the brane as a form of perfect fluid with anisotropic pressure, since we 
see that the fifth diagonal element of the energy-momentum tensor is different. However, 



9 



we still have contributions from the Weyl tensor of the bulk space, which for the metric 
f[T^ takes the form 

= ^ , n ! 2^2 Diag (1, -1, -1, -1, 4^r2) . (49) 

Once this is taken into account, we interestingly find that the bulk field contribution is 
cancelled by the projected Weyl tensor and the 4-brane has 

^'^i?M- = 0, (50) 

and thus, it is Ricci-flat in five dimensions. 

Inclusion of matter on the brane is also straightforward in this setup. In fact, the 
only additional contribution compared to the previous model in empty bulk space comes 
from the sigma model fields. The resulting equation is 

(5) „ _ 3k| / 16 4 AMA^^ 

'^"^ " "T V5A2 (1 + r2) ^^"'^ " A2 (1 + r^)^""^"^^^^ ) 

+8TTG5fai3 + K^Tlap + - E„/3 . (51) 

To first order, we expect the first and last term to cancel as before. In addition, we will 
have residual contributions in due to the brane content. 



5 Conclusions 



We presented a model where effective codimension-2 branes are embedded in a 6-D bulk 
space endowed with an 0(3) sigma model. The introduction of resolved branes in such a 
background provides a more realistic approach compared to purely codimension-2 branes, 
which are known to be plagued by technical problems [H]. We presented solutions in 
the case of a single brane and non-compact transverse geometry and for a double brane 
setup in a sphere-compactified space. It turns out that the single brane setup can account 
for a flat 3-brane without requiring any fine-tunings of the physical parameters of the 
model. In the double brane scenario, a mild fine-tuning between the brane radii is needed. 
The Einstein equations on the effective codimension-2 brane for arbitrary dimensionality 
were also derived and applied in our model to study the dynamics on the 4-brane. The 
model seems to admit a straightforward interpretation after KK reduction of the compact 
dimension of the brane. A more detailed future treatment of perturbations in this setup 
will help clarify further aspects of 4-D gravity and its possible modifications. 
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